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A bstract A non linear iransfounalion is used to cakulate the giound state eigen
value of the confinement potential in two dimensions The ground stale eigenvalue lies 
helween those for one dimensional and thiec dimensional case
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1. Introduction
One of the potentials which has extensively been used in the recent past is the linear potential 
The importance ol this potential arises because ol the confining nature ol quaiks in nucleons 
111 The eigenvalues of the confining potential can be lound exactly in one and three dimensions 
as the wave equation in one dimension is Airy's equation and in three dimensions it can be 
transformed into Airy’s equation, but in two dimensions no such exact solution can be lound. 
In the present work we shall study the ground state of this potential in two dimensions using 
non-linear transformation. In Section 2, wc describe the essential lormulalion. I he concluding 
remarks arc presented in Section 3.
2. Formulation
The Schrodinger wave equation in two dimensions is given byx 1
-  -  - V 2 + « r |  r ( r )  = £ i ^ ( r ) ,  (I)
2^
where y  is the reduced mass, ft the planek constant divided by 2K, a  the strength ot the linear 
potential and y  2 is the Laplacian in two dimensions.
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Using polar coordinates, cq. (1) can be written as
h 2 (  d 2 j _
2/i ( d r 2 r d r  r 2 dd2 j
+ ar y^(r) = £ y /( r ) . (2)
Writing \f/(r) as R (r)e,nl6 and considering the ground state ni = 0, we get the following radial 
wave equation
d 2 { 1 d 
dr1 r dr
2/i 2/i ^
—~Tar + —  E
h h 2
R(r) = 0 , (3)
where R(r) is normalized as
[ R*(r)R(r)r dr = 1.
'o
Before we consider the solution of cq. (3), we shall show the exact solution of the 
corresponding equation in one and three dimensions. I
In one dimension cq. (1) is given by \
h l d 2
- , + Cl 
2/i dx~
x y/(x) = Ey/(x) , (4)
with the boundary condition y/(x) —» 0 when .v —» ±°°
It is easy to see that the solution of eq. (4) can be written [2] as
¥ + =C + Ai
X
r
E
ay
x > 0 , (5a)
f - A - £- ' | .  * < 0 .
v r  «y )
Vz„ = C_ Ai
where C+ , C arc constants and y is given by
n 2 ^
i/i
(5b)
[ i f i a j  ’
Ai in equation (5) is Airy’s function [2J.
By matching the logarithmic derivative [3] at a = 0, we find that the ground stale energy 
is exactly given by
£=1.02 ay  (6)
In three dimensions, the corresponding radial equation for the radial function R(r) is 
given by
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Making the transformation R(r) = -  ’, it can he rewritten as
d 2 p a 2 p
u(r) = 0 , («)
with the boundary condition u(0) = u(oo) = 0 .
This is again Airy’s equation and the solution for u(r) can he written as
u(r) = C Ai r _ E
\ y  w (9)
where C is a constant. The boundary condition at / = 0, gives the ground slate energy to be 
E = 2 2 a y .  (10)
Let us next consider the radial equation in two dimensions given by cq. (2). One can sec 
that it cannot be reduced to Airy’s equation cither directly as in the one dimensional case or by 
a transformation of the type /?(r) = (u(r) / r). We apply the method of non-hnear transformation 
141 to find the ground state eigenvalue for this case. To apply the method, we write the radial 
wave function R(r) as a product of an exponential and another well behaved wave function 
After some algebra we find by introducing a new independent variable t = J r T y  in place of r 
and writing R as
R = cx p ^-v^ r '  + A/ j F(/),
the following equation for F(t) 
d 2F
• ( ;
+ 2 A - 4 r
dF
-6 t + X- + —j F = 0 .
(II)
( 12)
dtE \ t  J dt
In equations (II)  and ( 12), A = {E lay).
The range of t in cq. (12) is a < t < °° and the boundary conditions on F(t) arc
F(t) —» constant, t —» 0, (13a)
F(t) —> (constant) t -V2 (13b)
Wc now briefly describe the method of non-linear translormation |4) to determine A. 
The first step in the non-linear transformation is to introduce a new variable u% related to / by
u =
K  +  r
(14)
where K is a constant. The range of the variable u is 0 < n < i and thus it maps / space into n 
space. The function F is then approximated as
F = ( I - U ) W2 [ f t  +  
where g0, g r  g2 - . ■ arc constants.
(15)
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It is easy to see from eqs. (14) and (IS) that for large and small r, F can be expanded as 
( \ K (  3 5 7 A
Uo +#i +A'2)“ (j *° + 2^1 + 2 *2 J
k 2 ( 15 35 63 )  1+
tH T * 0+T *'
. . .  , l - * 0 o, (16)
t (3 1 ' 2 ( 15 5 "l , / - > 0 ,
~K - « ' ) + f (T S o ~
- S i  + S 2 ) + ■■■ (17)
keeping only g0, g , , g2 in eq. (15).
Since the function F satisfies cq. (12), we can write the following relations :
(Kk)
(Kk)2
5 7 )
2 Vo 2 Vo J A3
h 1 + - 4
v0 V() J
A’, hi '\
8 K» 8 Ko ,) A6 A3 —--- + —
f , ) 1+ -- + *• 32 4
V K0 *0 J
3
o *L=A'A,So
(I Ha)
l\
\
(18b)
(1X0
15
8
5 g^ _
2 Ha
+ * l  = I (JfA)2
H o  2 (18d)
It should be noted thul eqs. (18) arc the truncated form of eq. (15) Hqs. (18) are sufficient 
to determine the unknowns (g,/tf0), (g /e 0), (KX) and A. Since we are interested in A, we can 
eliminate (£,/tf0), (tf7/g0) and get two equations, one for (KX ) and the other connecting A and 
(KX). This gives us the following value of A :
A= 1.38.
Thus the ground state energy in two dimensions is given by
E= 1.38 ya. ~ 0 l>)
We would like to remark here that unlike the variational calculation which gives an 
upper limit, the non-linear transformation gives the energy accurately upto a certain number ol 
significant figures depending upon the number of g#'s used in the calculation. Here it is accurate 
upto second place of decimal. It should be mentioned here that the non-linear transformation 
gives more accurate results [4], than, e.g. the perturbation theory.
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3. Concluding remarks
The confinement potential in one and three dimensions can be solved exactly using Airy’s 
function while in two dimensions no closed form expression can be obtained. It is shown how 
to use a non-linear transformation lo find the ground stale energy in iwo dimensions The 
transformed variable u has the advantage that one could express the unknown function F in 
the form given by expression (15). From the description in Section 2, we find that the giound 
slate energy in two dimensions lies between the ground stale eigenvalues of one dimensional 
and three dimensional cases. This is what one finds also for the harmonic oscillator potential, 
except that in that case the dimensional dependence of the ground state eigenvalue is quite 
simple and the same method can be used for one, two and three dimensions due to the separation 
of the wave equation in Cartesian coordinates.
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